
44  africanscholarpublications@gmail.com                                                                               

 2021 

 

 

 

 

 

Exponential Estimation of Non-Linear Integro –

Differential Delay Equations 

 

Nwaoburu, A.O. 
Department of Mathematics, Rivers State University, Port Harcourt 

 

 

Abstract 
A non-linear delay integro-differential equation was put into consideration,  

that exhibit events in their natural setting more than any other system with 

an estimation of an exact solution to the system. The results were quiet 

impressive for any model of such kind. 
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Introduction 
Any differential equation which 

involves the present as well as the past 

states of any physical system is called 

a functional differential equation. The 

delayed functional differential 

equation is of the form: 
𝑑𝑥(𝑡)

𝑑𝑡
= 𝑥(𝑡 − 𝑟), 𝑡 > 0; 𝑥(0) ≡ 𝑥0 =

𝜑0; 𝑡 ∈ [−𝑟, 0]. Here the delay is only 

in the state of the system on En space 

and variables are appropriately 

defined. Many problems in science 

and engineering are modeled by 

differential equations, delay 

differential equation, integral and 

integro-differential equations and 

their systems. Specially, these 

mentioned equations are encountered 

in scientific fields such as biology, 

ecology, medicine and physics. 

This paper focuses mostly on delayed 

systems that exhibit events in their 
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natural setting more than any other system with an estimation of an exact 

solution to the system. Researchers had made enormous contributions to the 

development of delayed systems in real life, especially the use of Lotka-

Volterra integro-differential equation (Volterra, 1950), Burton(2005). 

Nwaoburu(2018) studied existence and uniqueness of solutions of delay 

systems. 

 

Exponential Estimation of Solution of Delay Equations 

This discussion is been motivated based on the estimation of solutions of delays 

equation by deriving an estimate of the solution 𝑥(𝜙, 𝑓) of a simple linear 

retarded differential equation of the form: 

�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝑟)                                                                                        (1) 

Where A, B and r are constants, r>o, f is a given continuous function on ℜ, and 

x is a scalar. These estimates are basis to the application of the; Laplace 

transform to obtain the variation of constant formula for the system (1). 

To obtain these estimates, the following fundamental theorems are needful: 

 

Theorem 1: 

If u and 𝛼 are real-valued continuous functions on [a, b] and B  0 is integrable 

on [a, b] with  

𝑢(𝑡) ≤  𝛼(𝑡) +  ∫ 𝐵(𝑠)𝑢(𝑠)𝑑𝑠,    𝑎 ≤ 𝑡 ≤ 𝑏
𝑡

𝑎
                                                    (2) 

The exponential estimate is given by 

𝑢(𝑡)  ≤  𝛼(𝑡) +  ∫ 𝐵(𝑠)𝛼(𝑠)[𝑒𝑥𝑝 ∫ 𝐵(𝑡)𝑑𝑡
𝑡

𝑎
]𝑑𝑠

𝑡

𝑎
                                            (3) 

For a non-decreasing x, yields. 

𝑢(𝑡) ≤ 𝛼(𝑡)𝑒𝑥𝑝 [∫
𝐵(𝑠)𝑑𝑠

𝑎 ≤ 𝑡 ≤ 𝑏

𝑡

𝑎
]                                                                              (4) 

 

Proof: 

Let 𝑅 =  ∫ 𝐵(𝑠)𝑢(𝑠)𝑑𝑠, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑅 = 𝐵𝑢 ≤ 𝐵𝑥 + 𝐵𝑅, 𝑡ℎ𝑒𝑛 
𝑡

𝑎
 

𝑑

𝑑𝑠
[𝑅(𝑠)𝑒𝑥𝑝(− ∫ 𝐵𝑑𝑠

𝑠

𝑎
)] ≤ 𝐵(𝑠)𝑥(𝑠)𝑒𝑥𝑝(− ∫ 𝐵𝑑𝑥

𝑠

𝑎
)                                           (5) 

Integrating from  to t, we obtain 

𝑅(𝑡)𝑒𝑥𝑝(− ∫ 𝐵𝑑𝑠
𝑡

𝛼
)  ≤  [∫ 𝐵(𝑠)𝑥(𝑠)𝑒𝑥𝑝(− ∫ 𝐵𝑑𝑠

𝑠

𝑎
)𝑑𝑠

𝑡

𝛼
]                                   (6) 

⟹ 𝑅(𝑡)  ≤  ∫ 𝐵(𝑠)𝛼(𝑠)𝑒𝑥𝑝(∫ 𝐵𝑑𝑠
𝑡

𝑠
)𝑑𝑠

𝑡

𝛼
                                                              (7) 
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For  non-increasing, gives 

𝑢(𝑡) ≤ 𝛼(𝑡)[1 +  ∫ 𝐵(𝑠)(𝑒𝑥𝑝 ∫ 𝐵)𝑑𝑠
𝑡

𝑎

𝑡

𝑎
]                                                                (8) 

For Υ  a direct integration gives the equation (4) above. 

The next theorem will provide a set of conditions for the exponential estimation 

of the solution of the perturbation of system (1). 

 

Theorem 2: 

Suppose 𝑥(𝜙, 𝑓) is the solution of the equation given by: 

�̇�(𝑡) = 𝐴𝑥(𝑡) +  𝐵𝑥(𝑡 − ℎ) +  𝑓(𝑡)                                                                         (9) 

There are positive constants a and b such that 

|𝑥(𝜙, 𝑓)(𝑡)|  ≤ 𝑎𝑒𝑏𝑡(|𝜙|)𝑡 ∫ |𝑓(𝑠)|𝑑𝑠       𝑡 ≥ 0
1

0
                                                 (10) 

where ϕ or − 

sup

|φ(0)| 

 

Proof: 

Since, x=x(ϕ,f) satisfies the equation studied above, by equation (9),for t 0 

(t) = ϕ(0) +                                          (11) 

For t 0; and (t) = ϕ(t), for t [-r,0]. 

Therefore, for t>0, yields 

|𝑥(𝑡)|  ≤  |𝜙| +  ∫ |𝑓(𝑠)|𝑑𝑠 +  ∫ (|𝐴| +  |𝐵||𝑥(𝑠)|)𝑑𝑠
𝑡

0

𝑡

0
                                   (12) 

Introducing or by applying the result (4) already obtained, give 

(t)                             

(13) 

Since, B   0, it then follows that equation (3) is satisfied with. 

a=I+ B(s)  and b = A + B . 

The general form of equation (9) can now be considered, and establish an 

exponential estimate for the solution. 

Consider the linear system below which is a generalization of system (9) given 

as: 

(t) = L(t, ) + f(t), t                                                                                 (14) 
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Or its integration equivalent is given by: 

(t) =ϕ(0) +                                             (15) 

Assuming that L(t, ϕ) is linear in ϕ and in addition, there is an 𝑛 × 𝑛 matrix 

function ŋ(t,0) measurable in (t,0) R C normalized so that ŋ(t,0) for t 0, 

ŋ(t,0) = ŋ(t-r) for 0 -r 

ŋ(t,0) is continuous form the left on (-r, 0), 

ŋ(t,0) has bounded variation in [-r,0] for each t. The most common type of linear 

equation with finite tag known to be useful in the applications of fundamental 

differential equations is of the form. 

(t)=

=

N

k 1 +     

(16) 

where A(t, ) is integrable in  for each t and there is a function. 

a(t) loc((-  such that 

                                                  (17) 

 

Theorem 3:. 

Suppose the above hypothesis on L are satisfied for any given  

), there exists a unique 

function  defined and be continuous on [  that satisfy the 

system given above by (14) on [ . 

 

Proof: 

To prove this theorem, the need for Caratheodory condition is useful and it’s 

stated by the Lemma below: 

Lemma 1: 

Let L be defined on R and suppose it is measurement in t for each fixed x, 

continuous in x for each fixed t. If there exists a Lebesque integrable function 

m on the interval |t-  such that: 

|𝑓(𝑥, 𝑡)|  ≤ 𝑚(𝑡),                (𝑥, 𝑡)𝜖 𝑅                                                                     (18) 
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Then there exists a solution  on L(x, t) in the extended sense on some interval 

|𝑡 −  𝛿|  ≦  𝛽                   (𝛽 > 0) 

Satisfying  

The case t≧  is considered by coddington and Levinson(4) in which the 

situation stated is said to be similar when 𝑡 ≦  𝛿. Now proved to the estimation 

of the solution 

                                                                                    (19) 

Is a condition imposed on L(t, ) then it implies that the Caratheodory 

conditions are satisfied by L(t, ϕ) +h(t). Therefore, the local existence and local 

uniqueness as been stated, since L(t, ϕ) is Lipschitizian.  

To prove the general or global existence, the estimates of the solution is obtain, 

which is also may be very useful in the rest of this work. Let x be a non-

continuable solution of system (14) on [   From system (15), gives 

|𝑥(𝑡)|  ≤  𝜙(0) +  ∫ 𝑀(𝑠)|𝑥𝑠|𝑑𝑠 +  ∫ |𝑓(𝑠)|𝑑𝑠    ⟹  |𝑥𝛿| =  |𝛿|
𝑡

𝛿

𝑏

𝑎
             (20) 

For all values, if  𝜖 |𝛿, 𝑏| . Thus; 

|𝑥𝑡|  ≤  |𝜙| +  ∫ 𝑀(𝑠)|𝑥𝑠|𝑑𝑠 +  ∫ |𝑓(𝑠)|𝑑𝑠
𝑡

𝛿

𝑏

𝑎
                                                      (21) 

For 𝑡 𝜖 |𝛿, 𝑏|  The inequality by (4) becomes: 

|𝑥𝑡|  ≤  [|𝜙| +  ∫ |𝑓(𝑠)|𝑑𝑠
𝑡

𝛿
]𝑒𝑥𝑝[∫ 𝑀(𝑠)𝑑𝑠

𝑡

𝛿
]                                                     (22) 

For t   This means that (t)  is bounded QED 

 

Main Results  

The results from the above can be exploited to establish exponential estimates 

of the solution of interest. The result obtained for the solution of interest will be 

used to investigate the certainty of the fundamental matrix solution of the 

system.  

Consider the system of interest given as: 

𝑥(𝑡) =  𝐿(𝑥, 𝑡)                                                                                                             (23) 

where the Operator L is defined by: 

𝐿(𝑥, 𝑡) =  𝐴(𝑡)𝑥(𝑡) +  𝐵(𝑡)𝑥(𝑡 − 1) +  ∫ 𝐾(𝑡, 𝑠)𝑥(𝑡 + 𝑠)𝑑𝑠
0

−1
                      (24) 

Let  be an n-vector function which is continuous on [-1, 0], then there exists 

a unique solution of the system given by (23) satisfying 
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X(t)= ϕ(t), for -1                                                                                       (25) 

This solution denoted by  if given for t J, will be written as 

 + 

                                                                          (26) 

where X(t, s) is an n n matrix function which satisfies  
𝑑𝑋

𝑑𝑡
(𝑡, 𝑠) = 𝐴(𝑡)𝑋(𝑡, 𝑠) +  𝛽(𝑡)𝑋(𝑡 − 1, 𝑠) +  ∫ 𝐾(𝑡, 𝑤)𝑋(𝑡 + 𝑤, 𝑠)𝑑𝑤

0

−1
  (27) 

For o  such that X(t ,t) = 1; X(t, s)=0, for t<s. 

Since (t, s) exists, it is clear that X(t, s) is continuous in t for a fixed s, where 

s  t, and X is continuous in (t, s) in the compact region 0st. 

 

Conclusion 

By exploiting the results obtained, exponential estimates of the solution were 

established. These results were used to investigate the continuity of fundamental 

matrix solution of the system. 
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