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Abstract  

A topologically 

conjugate map that is 

equivalent to the well 

known logistic map 

𝑓(𝑥) =  𝑎𝑥(1 − 𝑥) with 

𝑥 ∈ [0, 1] and 𝛼 ∈ [0, 4] 

is constructed. This 

constructed map’s 

domain is defined to be 

the integer domain [0, 

2n). This domain has a 

one to one 

correspondence to the 

points in the interval [0, 

1] with  n-bits precision. 

The topological 

conjugacy of the two 

maps and the dynamics 

of the constructed map 

were found to define the 

same dynamics as that of 

the logistic map with 

very similar lyapunov 

exponents. With a view 

to be applied in 

cryptography as a 

Pseudo-Random 

number generator 

(PRNG), the complexity 

of the constructed map 
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INTRODUCTION  

  One of the basic 

ingredients of 

cryptography is the 

Random Number 

generators (RNG) used 

in generating the 

pseudo-random key 

streams mentioned 

above. The realization 

of (RNG) using chaotic 

maps cannot be said to 

be truly random since 

the maps are 

deterministic thus the 

name Pseudo-Random 

Number generators 

(PRNG). 

Discrete-valued 
sequences generated 
from chaotic systems 
have received 
considerable attention 
in the field of 
cryptography 
(Stojanovski and 
Kocarev, 2001; Shuai, et 
al. 2010), spread-
spectrum (Heidari-
Bateni and 
McGillem,1994), 
communication and 
coding (Hayes, S., 
Grebogi, and Ott, 1993), 
Pseudo-Random 
Number Generators 
(PRNG) (Kocarev et al.  
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as a source of 

randomness is 

determined using both 

the Permutation entropy 

(PE) and the Lempel-Ziv 

(LZ-76) complexity 

measures, and the 

results are compared 

with numerical 

simulations. 

 

2003) etc. If designed carefully, sequences of independent and identically 

distributed random variables will be produced by certain one-dimensional (1D) 

chaotic systems, e.g., the tent map and the logistic map. We considered sequences 

generated from one dimensional (1D) discrete time dynamical systems. 

There are basically two ways of designing digital chaotic ciphers that has 

received attention in literature:  

1) The use of chaotic systems to generate pseudo-random key stream, which 

is used to mask the plaintexts;  

2)  Iterating a chaotic systems a multiple number of times to obtain 

ciphertext using the plaintext and/or the secret key(s) as the initial 

conditions and/or control parameters. 

In the topology of a digital (PRNG) Fig. (1), the state forming logic is a digital 

nonlinear map (a map taking integer values) which serves a source of entropy 

that gives the generated sequence the required randomness. This state forming 

map is defined a map of the form 𝑔 ∶  Ω →  Ω  on an integer phase space  Ω =

[0, 2𝑛−1] for a given precision 2n. At this precision, a one to one correspondence 

with the real phase space 𝐼 = [0, 1] ⊂  ℝ is realized. The candidacy of chaotic 

maps as random number generators despite being deterministic is dependent on 

their characteristics such as aperiodicity with a positive lyapunov exponent, 

sensitivity to initial conditions. We will be considering a discrete time dynamical 

system where the future state depends only on the current state. 

The use of chaotic maps in the construction of PRNGs has received considerable 

attention from researchers (Lagarias, 1990; Chien and Liao, 2005; Addabbo et al., 

2007a; Addabbo et al., 2007b; Xie and Han, 2010). Inability to compute 

complexities (probabilities and entropy) of the RNG, Reliance by authors on the 

assumed randomness of a physical process among other factors renders most of 

the PRNGs inefficient. In this paper, we focused our attention on the complexity 

of the sequence generated, it is obvious that the randomness of the sequence of 

pseudo-random numbers (PRN) generated cannot be more than that of the input 

of the state forming map (Cicek, et al., 2014). The difficulty to find, and the criteria 

for the construction of a good (RNG) has been suggested in (Park and Miller, 

1988). Researchers have therefore converged to the fact that the quality of a 
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PRNG depends on the complexity measure of the nonlinear map generating the 

input states. 

The quantity defining the complexity of a system gives an in-depth knowledge 

into the mechanisms governing the processes. This quantity is determined by the 

measure of entropy, early works in classical entropy includes, the Shannon 

entropy (Segal, 1960), Kolmogorov-Sinai entropy (Collet et al., 1983), topological 

entropy (Smital, 1986 ). Classical approaches to entropy computation are 

characterized by the requirement of a long sequence thus making them 

computationally expensive. As a solution to this shortcoming, Bandt and Pompe 

(2002) came up with a new approach to entropy measure which they called 

permutation entropy (PE) which was successful in addressing the identified 

lapse of the earlier methods, e.g. Kolmogorov-Sinai measure. Canovas et. al. 

(2013) computed the topological and Shannon permutation entropies of interval 

maps, a measure of randomness for chaotic binary series was implemented in 

(Liu et al., 2015). As a result of wide ranges of applications of PE in diverse areas 

of research, we choosed to adopt it in this article as a measure for complexity. 

The Lempel Ziv complexity is also implemented, based on the comparison of the 

two methods in (Lempel and Ziv, 1976), we equally compared the two results. 

For the purpose of this paper we will be considering a family of one parameter 

family of one dimensional maps which we denote by 𝑭. If we define a one 

dimensional (1D) map 𝑓 ∈ 𝑭 by: 

𝑥𝑛+1 = 𝑓(𝑥𝑛) =  𝛼 ∗ 𝑥𝑛 ∗ (1 − 𝑥𝑛),         𝑥𝑛  ∈ [0, 1],    𝛼 ∈ [0, 4],    𝑛

= 0, 1, …               (1) 

where 𝑎 ∗ 𝑏 denotes the algebraic product of a and b and 𝑓 ∶ 𝐼 → 𝐼,   𝑓(0) =

𝑓(1) =  0, is a nonlinear unimodal mapping which has two preimages, and I is the 

interval [0,1]. 

 The logistic map is known to have the probability density function (PDF) 

of 
1

𝜋√𝑥(1−𝑥)
  [22] and that of the tent map is given by 

1

𝑏−𝑎
 [23]. While the PDf of the 

tent map is uniform that of the logistic map is non uniform A unimodal map f(x) 
is a one-dimensional function 𝑓 ∶  ℝ → ℝ defined on an interval 𝐼 ∈  ℝ  with a 
monotonically increasing (or decreasing) branch, a critical point 𝑥𝑐for which 
𝑓(𝑥𝑐) attains the maximum (minimum) value, followed by a monotonically 
decreasing (increasing) branch. With unimodal maps, the interval is stretched 
and folded only once, with at most two points mapping into a point in the refolded 
interval. Maps with multiple critical points in the interval I are called Multi-modal 
maps. System may depend on many parameters, for one dimensional maps, it is 
sufficient to study one parameter family of maps since using more parameters 
does not bring about a different phenomena. A suitably chosen one parameter 
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map, will go through all possible spectrum of orbits, the map under study (1) falls 
into this category of maps. 
Chaotic sequences are by computation periodic; this is due to the limitation in 
memory of the computing machine. All chaotic algorithms operated on the 
limited precision machine producing chaotic sequence does not completely have 
chaotic characteristics since they are found to degrade dynamically (Lasota and 
Mackey, 2013). Periodicity is an inherent characteristic of chaotic sequences 
generated from such mediums with as low periods as less than 500. This 
therefore raises alot of concerns as to the viability of their uses in cryptographic 
protocols. The chaotic sequence will inevitably evolve into a sequence with 
period under the approximate operation results, which will make encryption 
algorithm based on chaos theory to be cracked ultimately. Chaotic maps being 
deterministic, makes iterates depend on one another as the orbit moves forward 
in time. This dependency creates correlation between elements of the sequence 
generated by the chaotic map, with the correlation decreasing down the 
sequence. This implies that the correlation between two adjacent elements is 
much higher that any two that are further apart. We studied the issue of 
correlation within chaotic sequence that are obviously periodic, with short 
periods, thus very inappropriate for cryptographic applications. This is done 
through the use of a transformation called Karhunen - Loeve Transform (KLT). 
This transform is found to be a better method in eliminating correlation than both 
the Discrete Cosine Transform (DCT) and the Discrete Fourier Transform (DFT). 
It is an optimal transform which can as well increase the period and complexity 
of the digital chaotic sequence. Karhunen - Loeve Transform takes a given 
collection of data (an input collection) and creates an orthogonal basis (the KLT 
basis) for the data. We will be considering a univariate time series generated 
from a one dimensional map. 
(A univariate time series is a sequence of measurements of the same variable 
collected over time. Most often, the measurements are made at regular time 
intervals). 
All simulations are conducted with a precision of 216 extending to other 
precisions of choice follows with memory availability on the machine of 
implementation. 
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Constructing the Digital Map 

As we have mentioned above that the state forming map of the PRNG is a digitized 

variant of the map 𝑓, we will thus digitize the map f into its equivalent with 

integer input. Given the map (1) with 𝑥𝑖  ∈ 𝐼 = [0, 1], the state 𝑥𝑖  is given by a 

rational number represented with an infinite binary representation 𝑥𝑖 =

0. 𝑏1𝑏2𝑏3 … 𝑏𝑛 … where each 𝑏𝑖 = {0, 1}. 

Due to the finite precision of the computing machine, the infinite binary number 

will be truncated a particular position depending on the precision of the machine. 

We highlight, before we continue that: 𝑋𝑚𝑜𝑑𝑌 = 𝑋 −  𝑓𝑙𝑜𝑜𝑟 (
𝑋

𝑌
) 𝑌XmodY, and 

the floor function is the smallest integer less than or equal to x. Let the 

approximated state of the system be �̃�𝑖 =  0. 𝑏1𝑏2𝑏3 … 𝑏𝑛 (assuming a precision of 

2n) is a set of rationals of the form �̃�𝑖 =  
𝑘𝑖

2𝑛 where  𝑘𝑖 , 2𝑛  ∈  ℕ. This therefore 

makes �̃�𝑖  assume rational values in 𝐼 ⊂  ℝ as defined below:  

�̃� = (0. 𝑏1𝑏2𝑏3 … 𝑏𝑛)2

=  ∑ 𝑏𝑗2−𝑛,     𝑏𝑗 = {0, 1}       

𝑛

𝑗=1

                                                                (2) 

where b1 and bn are the most significant bit (MSB) and the least significant bit 

(LSB) respectively. Its obvious to observe that each bit string represents a unique 

discretized state �̃�𝑖 , thus each �̃� can be related to an integer number 𝑘𝑖 =  2𝑛 ∗

�̃�𝑖  ∈  ℤ,     0 ≤  𝑘𝑖  ≤  2𝑛 − 1. 

The discretized map can therefore be expressed as  

�̃�𝑛+1

=  𝑓𝑎(�̃�𝑛)𝑡,𝑟                                                                                                                                            (3) 

where a is the control parameter and the subscripts t and r account for the 

truncation and rounding off approximation strategy used for evaluating 𝑓𝑎  to the 

required precision. Suppose the truncation is effected to the precision 2𝑛, the (3) 

becomes: 

𝑓(�̃�) =  𝑓𝑙𝑜𝑜𝑟(2𝑛 ∗ 𝑎 ∗ �̃�𝑛 ∗ (1 − �̃�𝑛)𝑚𝑜𝑑 2𝑛)

∗ 2−1                                                                           (4)  

 

One will observe to see that there is a one - one correspondence between 𝐼 and 

the set 𝒦 = {𝑘 ∈  ℕ: 0 ≤ 𝑘 ≤  2𝑛 − 1}. We can therefore define a conjugate map 

𝑔: 𝒦 →  𝒦. Thus, there exist a homeomorphism ℎ: 𝐼 →  𝒦 such that ℎ ∘ 𝑓(𝑘) =

 𝑔 ∘ ℎ(𝑘) with ℎ(𝑘) =  2𝑛𝑓(
𝑘

2𝑛). Through the transformation h(k) we define the 

conjugate map 𝑔: 𝒦 →  𝒦 by: 
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𝑔(𝑘) =  𝑓𝑙𝑜𝑜𝑟 (2𝑛 ∗ 𝑎 ∗
𝑘

2𝑛
∗ (1 − 

𝑘

2𝑛
)) 𝑚𝑜𝑑 2𝑛 

𝑘𝑛+1 = 𝑔(𝑘) =  𝑓𝑙𝑜𝑜𝑟(2−𝑛 ∗ 𝑎 ∗ 𝑘

∗ (2𝑛 −  𝑘𝑛)𝑚𝑜𝑑2𝑛                                                                    (5) 

The expression (5) describes the same dynamics as (1). It is therefore the 

digitized version of (1) with integer inputs. For value of s = 4, (5) is simplified to 

𝑘𝑛+1 = 𝑔(𝑘) =  𝑓𝑙𝑜𝑜𝑟(22−𝑛 ∗ 𝑎 ∗ 𝑘

∗ (2𝑛 −  𝑘𝑛)𝑚𝑜𝑑2𝑛                                                                    (6) 

with k is restricted to the space  Ω = [0, 2𝑛 − 1]. 

We are considering the value of a within the range 3.57 ≤ 𝑎 ≤ 4, we have to 

consider other values of a other than a = 4. Let 3.57 ≤ 𝑎 ≤ 4, thus it can be 

written as 𝑎 =  𝑎𝐼 +  𝑎𝑓 where 𝑎𝐼 is the integer part of a and 𝑎𝑓 is the 

corresponding fractional part, (5) can therefore be expressed as: 

𝑘𝑛+1 = 𝑔(𝑘) =  𝑓𝑙𝑜𝑜𝑟(22−𝑛 ∗ (𝑎𝐼 +  𝑎𝑓) ∗ 𝑘

∗ (2𝑛 −  𝑘𝑛)𝑚𝑜𝑑2𝑛                                                   (7) 

𝑘𝑛+1 = 𝑔(𝑘) =  𝑓𝑙𝑜𝑜𝑟(22−𝑛 ∗ [(𝑘 ∗ 𝑎𝐼) + (𝑘 ∗ 𝑎𝑓)]

∗ (2𝑛 −  𝑘𝑛)𝑚𝑜𝑑2𝑛                                      (8) 

 

Due to the modular operation embedded, it will just be sufficient to consider the 

integer part of 8, which reduces it to: 

𝑘𝑛+1 = 𝑓𝑙𝑜𝑜𝑟 (2−𝑛 ∗ [(𝑘 ∗ 𝑎𝐼) + 𝑓𝑙𝑜𝑜𝑟(𝑘 ∗ 𝑎𝑓)]

∗ (2𝑛 −  𝑘𝑛)) 𝑚𝑜𝑑2𝑛                             (9) 

Where 𝑎𝐼 is necessarily equal to 3 and 𝑎𝑓 is of the form 2−𝑡 for t > 0. 
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Figure (2) describes the bifurcation of the digitized map along the parameter axis 

showing the period 3 window at the appropriate location as is obtained in the 

classical map. The dynamics is on a precision of 2n defining similar trajectory. All 

dynamical properties of (1) are also defined on (5) at the corresponding location 

on the discretized phase space Ω. 

 

Complexity 

In the last two decades, complexity theory grew out of chaos theory and largely 

supplemented it as an analytic frame for social systems. Complexity draws on 

similar principles but in the end is a very different beast. The comparison 

between chaotic and random time series is usually undertaken by the measure of 

the complexity of the systems. Tools used for the determination of complexity 

includes among others, entropy, lyapunov exponents and fractal dimensions, 

there inter relationship enables the computation of one from the other. The 

relationship between complexity and entropy on the description of the 

information of a discrete ergodic source was first mentioned by Shannon, 

although without a precise definition of the second quantity called complexity. 

Kolmogorov (Kolmogorov et al., 1965) later gave a detailed definition of the 

concept on a finite word. The works (Lempel and Ziv, 1976; Bandt and Pompe, 

2002; Riedl, et al., 2013) and many more provides rich insight into the area. 

Lempel and Ziev [21] proposed a method that uses the gradual build-up of new 

patterns along the sequence of interest thereby constructing random like 

sequence. The use of permutation entropy as a measure of complexity was 

reported in the works of Bandt and Pompe (2002), and Bandt, Keller and Pompe 

(2002). The presence of observational noise has little or no effect on the 

complexity chaotic time series without the need for pre-processing and fine 

tuning of parameters. 

 

Entropy of the Map 

The dynamical complexity of a measure-preserving system 𝑓𝛼  can be quantified 

by its metric entropy. The metric entropy measures the uncertainty of the 

forward evolution of the system when the initial condition is not exactly known 

the higher the uncertainty, the greater the complexity. 

 

The Permutation Entropy 

As a complexity measure for the given map, we had used the permutation entropy 

approach in the sense of Bandt and Pompe (2002). Computing for interval maps 

was implemented in (Bandt et al., 2002). The explicit use of partitions as required 
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in the topological case is not necessarily the case in permutation entropy. As an 

ingredient we take the following definition. An exclusive review on the use of PE 

with considerations on the dependent parameters is given in (Amigó, et al., 

2004). An important concept in the definition of permutation entropy is the 

Ordinal patterns. 

 

Definition 2:  

Let 𝑥 ∈ 𝐼 and let 𝜎𝐿 be the set of permutations {0, 1, 2, … , 𝐿 − 1} of length L. Given 

an interval map 𝑓: 𝐼 → 𝐼 we can associate to {𝑓𝑡(𝑥): 0 ≤ 𝑡 ≤ 𝐿 − 1} its order 

pattern 𝜋(𝑥) = [𝜋(0), 𝜋(1), …  𝜋(𝐿 − 1)] if:  𝑓𝜋(0) < 𝑓𝜋(1) < 𝑓𝜋(2) < ⋯ <

 𝑓𝜋(𝐿−1)  ∈  𝜎𝐿 , 𝑥 is therefore said to have defined the order pattern 𝜋 =  𝜋(𝑥). 

Let 𝑃𝜋 be the set of points for which their orbits defined the pattern 𝜋 by: 

𝑃𝜋 = {𝑥 ∈ 𝐼: 𝑥0 < 𝑥1 < ⋯ < 𝑥𝐿−1},         𝑓𝑜𝑟 𝐿 ≥ 2. for L = 4, the table below gives 

the 24 possible permutations 𝜋 ∈  𝜎4. 

 

 
 

An ordinal pattern can be allowed or forbidden pattern of the map g depending 

on the cardinality of 𝑃𝜋. It is allowed if 𝑃𝜋  ≠ 0 otherwise it is forbidden. We define 
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the intervals defined by the permutation 𝑃𝜋  ≠ 0  by the relation  𝑔𝜋(𝑖)(𝑘) =

 𝑔𝜋(𝑖+1)(𝑘)  𝑓𝑜𝑟 𝑖 = 1, 2, … 𝐿 − 2.  We considered both the Metric and Topological 

aspects of the permutation entropy. 

 

Permutation Entropy  

Let 𝜇 be an 𝑓 − invariant measure, from the notion of Shannon's entropy of 

information source, and let there be a finite sequence of length N such that the 

relative frequency of the pattern 𝜋 is given by: 

𝑝(𝜋) =  
{𝑡 ; 0 ≤ 𝑡 ≤ 𝑁 − 𝑤, (𝑥𝑡+1, 𝑥𝑡+2, … , 𝑥𝑡+𝑤),    𝑜𝑓 𝑡𝑦𝑝𝑒 𝜋}

𝑁 − 𝑤 + 1
 

We define from [35],  

ℎ𝜇
′ (𝑔)

=  − lim
𝐿→∞

1

𝐿
∑ 𝜇(𝑝(𝜋))𝑙𝑜𝑔𝜇(𝑝(𝜋))

𝜋∈𝜎

                                                                                               (20) 

if the limit exist, where 𝜇𝑝(𝜋) is the probability for the ordinal L-pattern 𝜋 

occurring as defined above. For the Topological Permutation Entropy, one counts 

the number of distinct allowed patterns 

ℎ𝑇
′ =  − lim

𝐿→∞

1

𝐿
log|{𝑃𝜋  ≠ ∅ ∶  𝜋 

∈  𝜎𝐿}|                                                                                                  (21) 

However, [30] states in their result that for a piecewise monotone map g, ℎ𝜇
′ (𝑔) 

converges to ℎ𝜇(𝑔)  and similarly ℎ𝑇
′ (𝑔) converges to ℎ𝑇(𝑔). Given the set 𝑃𝜋 as 

defined above, let 𝑓 ∶ 𝐼 → 𝐼 defined on 𝐼 ∈ ℝ Have an invariant measure𝜇, Let 𝑃𝐿 

be a partition of 𝐼, define 𝑃𝐿 as 𝑃𝜋 =  {𝑃𝜋  ≠ ∅ ∶  𝜋 ∈  𝜎𝐿}. The topological 

permutation entropy of order 𝐿 ≥ 2 is defined as 𝐻𝑇𝑜𝑝
𝐿 (𝑓) =  

1

𝐿
log |𝑃𝐿|. If there is 

a finite partition of 𝐼 into intervals, such that 𝑓 is a continuous and monotone on 

each of those intervals, then: 

lim
𝐿→∞

𝐻𝑇𝑜𝑝
𝐿 (𝑓)

=   ℎ𝑇(𝑓)                                                                                                                                (22) 

If L is finite, (22) estimates ℎ𝑇  in fact it holds only when it is finite and monotone 

[35]. It follows that: |𝑃𝐿| = |{𝑃𝜋  ≠ ∅ ∶  𝜋 ∈  𝜎𝐿}|.  It can be shown that, |𝑃𝐿| ∝

 𝑒𝐿ℎ𝑇𝑜𝑝(𝑓) indicating that the number of allowed L-patterns for f grows 

exponentially with L. 

 

Proposition  

1 For a map 𝑓 defined on the unit interval 𝐼, there exist 𝜋 ∈ 𝜎𝐿  and 𝐿 ≥ 2 such that 

𝑃𝜋 =  ∅. 
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Figure (4) shows the permutation entropy of the digitized map with a pattern 

length of 6 for both the map (left) and the per symbol computation (right). It can 

be observed that the peaks of the two computations coincide, implying that the 

entropy per symbol is nothing but the entropy of the map confine within the 

interval [0; 1]. 

Figure 5 above indicates existence of the limit in (20) which converges to the 

value 1.5247471457695274 for the permutation entropy. Thus the entropy of 

digitized logistic map (9) converges to a limit (as claimed by [30]) for increasing 

N-the length of the sequence. The similarity of the graphs in Figure (4) with that 

of the lyapunov exponents Figure (3) tells us that one can be computed from the 

other. 

 

Lempel-Ziv Complexity 

This complexity measure was given birth to my A. Lempel and J. Ziv in the years 

1976 and 1978 giving rise to the notations LZ - 76 (Ziv & Lempel, 1976) and LZ - 

78 (Ziv & Lempel, 1978)  for the two algorithms. Hence thereafter, a lot of 

researchers have found the schemes worthwhile for wide range of applications 

due to close relation of its growth rate with that of the entropy rate of an ergodic 

source. In this paper we considered the LZ-76 algorithm because of its faster 

convergence than the LZ-78 (Ziv & Lempel, 1978). 

Let the number of a distinct word (patterns) generated from the sequence 𝑥1
𝑁 =

(𝑥1, 𝑥2, … 𝑥𝑁), the exhaustive history of the sequence 𝑥1
𝑁 ,  𝐸(𝑥1

𝑁) is defined by: 

𝐸(𝑥1
𝑁) =  𝑥(𝑖, 𝑣1)𝑥(𝑣1 + 1, 𝑣2) … 𝑥(𝑣𝑚−1 + 1, 𝑁) 

With 𝑥(𝑖, 𝑗) =  𝑥𝑖𝑥𝑖+1 … 𝑥𝑗 , thw complexity of  𝑥1
𝑁 denoted 𝐶(𝑥1

𝑁) is the number of 

factors 𝐸(𝑥1
𝑁). As an example, for a sequence x =  1011101000011, the 

exchaustive history of the sequence 𝑥 is x =  E(x) =  1|0|111|010|000|11 where 

each factor is delimited by ‘|’ thus the LZ-76 complexity of E(x) is C(x) = |E(x)|, 

implying that C(x) = 6. 
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From [21], for a string of length N the complexity is bounded from above by: 

𝐶(𝑥1
𝑁)

<  
(𝑁)

(1 − 𝜖𝑁)𝑙𝑜𝑔𝑠(𝑁)
                                                                                                                           (23) 

where s the total number of symbols in the sequence and 𝜖 → 0 as 𝑁 → ∞ decays 

slowly with increasing N and Its given by: 

𝜖(𝑁)

=  2
1 + 𝑙𝑜𝑔𝑠𝑙𝑜𝑔𝑠𝑆𝑁

𝑙𝑜𝑔𝑠𝑁
                                                                                                                           (24) 

Nunes et. al [33] showed that for a binary sequence the value 𝜖(𝑁) = 0.1 is 

achieved for as large value of N as 𝑁 =  1050. Taking limits, lets 

lim
𝑁→∞

𝐶(𝑥1
𝑁) =  

(𝑁)

𝑙𝑜𝑔𝑠(𝑁)
= 𝐵(𝑁).  

The normalized complexity 𝒩(𝑥1
𝑁) via 𝐵(𝑁) Measures the rate of generation of 

new patterns along 𝑥0
𝑁 . 𝒩(𝑥1

𝑁) is defined by:  

 𝒩(𝑥1
𝑁) =

 
𝐶(𝑥1

𝑁)

𝐵(𝑁)
                                                                                                                                               (25) 

Given an ergodic source X of the string of bits with entropy rate h(X) in 

information theoretical definition, it was proved in [29] that: 

ℎ(𝑋)

=  lim 𝑠𝑢𝑝𝑁→∞

𝐶(𝑥1
𝑁)

𝐵(𝑁)
                                                                                                                          (26) 

Equation (26) which reflects the rising rate of new patterns in the sequence, 

implies that random sequences, similar to those outputted from a (
1

2
,

1

2
)-Bernoulli 

process, reach the highest possible 𝐶(𝑥0
𝑁) value for an infinite length sequence. 

However this does not limit the attainment of the bound by only random 

sequences. 

We noted that for an ergodic source holds in the limit of infinite length sequences, 

however, h(X) always holds a value less than 1 and lim 𝑠𝑢𝑝𝑁→∞
𝐶(𝑥1

𝑁)

𝑁𝑙𝑜𝑔𝑠(𝑁)
 takes in 

values greater than 1 even for an infinitely long finite sequences. 

From figure (6), The distribution of LZ-76 across the parameter axis (left) 

showing much similarity with that of the PE. One will therefore conclude that in 

the context of the map under discussion, complexity measure using the two 

different approaches are similar. The figure at the right shows the inability of LZ-

76 to attain the bound defined in (23) for increasing length of the sequence N. 
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5.0 Conclusion 

The complexity of a sequence is an important index to quantify the performance 

of 

chaotic sequences in cryptographic applications. The higher the complexity of a 

sequence is, the minimal the chance of recovery. 

 

We have shown that typical random sequences of finite length fall short of the 

maximum Lempel-Ziv complexity. We observed significant drop in the 

complexity of the map at parameter values corresponding to periodic windows 

in the parameter axis. The effect of such windows affects the randomness and 

statistical performance of the map. The complexity measure of the map using the 

two methods considered shows an agreeing pattern for an increasing length of 

the sequence. Despite the improvement through the KL transform, the source 

complexity and the information hidden in 

the generated sequence does not meet the requirement of high security 

cryptographic application. Thus, the suitability or otherwise of the digitized map 

depends on the area of application, the authors are of the opinion that it will not 

be a good candidate for cryptographic applications without further enrichment 

in the form of; reducing periodicity and removing correlation through the use of 

post-processing functions (Algebraic or Dynamic).  
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